Dynamics of entropic measurement-induced nonlocality in structured reservoirs 
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We propose the entropic measurement-induced nonlocality (MIN) as the maximal increment of 
von Neumann entropy induced by the locally non-disturbing measurement, and study behaviors of it 
both in the independent and common structured reservoirs. We present schemes for preserving the 
MIN, and show that for certain initial states the MIN, including the quantum correlations, can even 
be enhanced by the common reservoir. Additionally, we also show that the different measures of 
MIN may give different qualitative characterizations of nonlocal properties, i.e., it is rather measure 
dependent than state dependent. 
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I. INTRODUCTION 

Nonlocality is a basic property of quantum states not 
available in classical world, and it has been the research 
interest for many years [l[ . The nonlocality can be stud- 
ied in the context of Bell- type inequalities 0] , it can also 
be investigated from other viewpoints, for example, from 
an information-theoretic perspective p|. On the other 
hand, the nonlocality is closely related with entanglement 
which plays a central role in quantum information pro- 
cessing !4j], but they are not completely the same. There 
are a series of work concentrated on revealing the rela- 
tionship between nonlocality and entanglement, for ex- 
ample, it is shown that while there are entangled states 
without Bell nonlocality |5| , there also exists nonlocality 
without entanglement j6|. 

It is generally accepted that entanglement is a resource 
in quantum protocols and algorithms (14]. Interestingly, 
recent progress shows that the separable but nonclassical 
states may be responsible for the speedup of a quantum 
algorithm [7]. It ignites interests of people on studying, 
from various points of view, the quantumness of corre- 
lations [a- fll[ a nd their relations with entanglement and 
nonlocalitv |12l - fl5j . Particularly, Luo and Fu [TtJ in- 
troduced a geometric measure of nonlocality which they 
termed measurement-induced nonlocality (MIN) . In com- 
parison with Bell nonlocality which is featured by viola- 
tion of Bell-type inequalities satisfied by any local hidden 
variable theory [18( , the MIN is in some sense a more gen- 
eral kind of correlation which was introduced from the 
consideration that measurements in quantum mechanics 
usually causes disturbance. The extent of the maximum 
disturbance of locally non-disturbing measurements on 
the total state can reveal global effect of that state which 
cannot be accounted for locally and therefore can be ex- 
ploited to quantify nonlocality. 

The MIN provides an interesting classification scheme 



'Electronic address: 
t Electronic address: 



mingliang0301@163.com 



hfan@iphy.ac.cn 



for the bipartite quantum states. In the original geo- 
metric quantification scheme [TtJ , it is obtained by max- 
imizing the Hilbert-Schmidt distance between the pre- 
and post-measurement states. For completeness of the- 
oretical consideration, it is also desirable to quantify it 
from other perspectives so as to reveal more about its 
meaning and properties. This is one of our motivations 
in this paper. Moreover, we know that entanglement is 
fragile due to decoherence induced by inevitable interac- 
tion between the system and its environment. While the 
MIN can also be a powerful resource enabling fascinating 
quantum tasks as shown in [1 71 ] . it is of practical signifi- 
cance to know the property of MIN, for example, to find 
ways to stabilize the MIN of a state or to minimize the 
devastating effects of the decohering environments. This 
is also a motivation of this work. 

In this paper, we introduce the entropic measure of 
MIN, which is different from the corresponding geomet- 
ric measure [17| , and give an information-theoretic inter- 
pretation of it. We will obtain the conditions for non- 
vanishing MIN, and show that there is nonlocality with- 
out quantumness in the sense that the MIN may per- 
sist even for certain zero-discord states. We will also 
offer a comparative study of the relationships between 
MIN and different quantum correlation measures turn 
for the two-qubit case. We will show that when interact- 
ing with the structured reservoirs, the MIN can be frozen 
by introducing detuning or by performing local unitary 
operations on the initial state, particularly, the strength 
of MIN can even be enhanced by interacting the system 
with a common reservoir. 

The paper is organized as follows. In Section II we first 
recall the concept of MIN and its quantification based on 
the Hilbert-Schmidt norm 

El- 

Then we reformulate the 
MIN from an entropic way and list some general features 
of it. In Section III, we evaluate dynamics of MIN for 
a certain family of two-qubit states both in the inde- 
pendent and common reservoirs, and present schemes for 
preserving and enhancing the MIN. Finally, Section IV 
is devoted to a summary. 
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II. MEASURES OF THE MIN 

The preform of MIN was first introduced by Luo and 
Fu [l6[ and further formulated by the same authors [13] ■ 
Consider a bipartite state p shared by two parties a and 
b, with marginal states p a and p b , then the MIN is defined 
as follows 



N s (p) = max lip - 



n»|| 2 



(i) 



where the maximum is taken over the local von Neumann 
measurements II a = {II£} satisfying J2k^kP a ^k = /°°> 
and 1 1 • 1 1 denotes the Hilbert-Schmidt norm with | \X\ | 2 = 
tiX'X. Clearly, II a contains in fact only the measure- 
ments that do not disturb p a locally, thus as pointed out 
in [l7| . the MIN is in some sense dual to the geomet- 
ric measure of quantum discord (GMQD) pjj D s (p) = 
minn<* | \p — H a (p)\ | 2 , with II a runs over all the local von 
Neumann measurements. 

By noting that any m x n bipartite state p can always 
be represented as 
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Luo and Fu derived an analytical formula of MIN for the 
2 X n dimensional states, which is given by pjj 



N s (p) 



\R\ 



\\R\\ 2 



-^rx T RR T x if x ^ 0, 



(3) 



An 



if £ = 0, 



where {Xi} and {Yj} are traceless Hermitian operators 
satisfying the conditions {Xi\Xi,) = Su> and (Y^|5'}/) = 
is the smallest eigenvalue of RR T 



5jj>. Moreover, A 



with R being a real 3x3 matrix with elements r^, and 



x = (xi, X2,xs) with 



= ^2 i=1 xf. Here the super- 



script T denotes transpose of vectors or matrices. 

Although the definitions of MIN and GMQD are differ- 
ent, they may assume equal values under certain circum- 
stances. To see this, consider the two-qubit X state px 
(i.e., the 4x4 density matrix with nonzero elements only 
along the main diagonal and anti-diagonal), for which 
one can obtain 



(0, 0, pn + p 22 - p33 - P44,) 1 



1 



-x 1 RR x 



T — (Pll - P-22 - P33 + Pa) 2 



(4) 



and the eigenvalues of RR T as 

Al,2 = (|pi4| ± |P23|) 2 , 



A, 



(Pll - P22 - P33 + P44) 2 



(5) 



Moreover, it has been shown by Dakic et al. [T(| that 
for the two-qubit quantum states the GMQD can be pre- 
sented explicitly as 



D S ( P ) 



x 



R 



(6) 



Tnax is the largest eigenvalue of the matrix K = 
xx' +RR T . For px, the eigenvalues of K can be obtained 
analytically as 



where /c n 



fcl.2 = Ai 



It 



2 

Pun 



(PllP33 + P22P44)- (7) 



l + -rrkriX T RR T X = fc 3 , 



Eqs. (4) and (7) imply that M ^ M , 
so for nondegenerate p x (i.e., x 7^ 0) we have N s (px) — 
D s (px) when fc max = fca. In fact, the eigenvector of K 
corresponding to the eigenvalue k 3 is |e 3 ) = (0, 0, 1) T , 
hence the optimal measurement for obtaining the GMQD 
is II? )2 = \{l± e ■ a) = \{l± a z ) 10]. Moreover, if p x is 
nondegenerate, then the unique von Neumann measure- 
ment leaving p x invariant is 11° 2 = i(I±jp£r) = i(I±<r 2 ) 

[17) . The optimal measurements for obtaining the MIN 
and GMQD are completely the same, thus it is under- 
standable that they assume equal values under the con- 
dition fc max = k 3 . 

Moreover, it is direct to check that ||£|| 2 — &3 = —A3, 
thus if p x is degenerate with the addition of fc max = k$ 
and A m in = A3, we still have N s (px) = D s (px)- 

Besides the Hilbert-Schmidt norm which measures the 
MIN from a geometric perspective [13], it is also desir- 
able to quantify it from other perspectives. In particu- 
lar, if we accept that the quantum mutual information 
(QMI) is a good measure of total correlations in a bipar- 
tite state p, then it is natural to quantify MIN by the 
maximal discrepancy between the QMI of the pre- and 
post-measurement states as 



N v (p) = I(p) 



rmn/[n°(p)] ( 



(8) 



where I(p) = S(p a ) + S{p b ) - S(p) represents the QMI, 
and the minimum is taken only over the local von Neu- 
mann measurements leaving p a invariant. This measure 
of MIN quantifies in fact, the maximal loss of total corre- 
lations under locally invariant (non-disturbing) measure- 
ments. Since I[n a (p)] = S{p b )~S(p\{U a k }) Q represents 
the average information gained about the system b con- 
ditioned on the measurements {n a }, N v (p) is in some 
sense dual to the quantum discord (QD) D v (p) = I(p) — 
maxri" J[II a (p)] Q. But the maximum in D v (p) runs over 
all the local von Neumann measurements. Moreover, the 
measure of MIN introduced here is also quite different 
from the quantity M(p) — I(p) — J[II(p)], which was in- 
troduced by Luo [9( and has been termed measurement- 
induced disturbance (MID), because when defining M(p) 
the locally invariant measurements n = {11° <S> ILj} are 
performed on both parties of a and b. 

Since the projective measurement II a leaves p a invari- 
ant (p b is obviously also invariant), N v (p) defined above 



3 



is equivalent to 

N v (p)=m^S[Il a (p)}-S(p), (9) 

from which one can obtain N v (ft) ^ because projective 
measurements always increase entropy (Theorem 11.9 of 
18]). Eq. (9) also indicates that N v (p) quantifies in fact 
the maximal increment of von Neumann entropy induced 
by the locally invariant measurements. This result thus 
establishes a connection between increment of entropy 
and nonlocality in the quantum domain. Moreover, from 
an information-theoretic perspective, the entropy mea- 
sures how much uncertainty there is in the state of a phys- 
ical system jisj ]. N v (p) can therefore also be interpreted 
as the maximal increment of our uncertainty about that 
system induced by the locally invariant measurements. 

The post-measurement state can always be written as 
n a (p) = ^2iPi\i)(i\ ® Pi flOl. combination of this with 
the joint entropy theorem [181 ] gives rise to S , [II a (p)] = 
H{Pi)+J2iPiS(Pi)i where H(pi) represents the Shannon 
entropy. Furthermore, from Theorem 11.10 of [l8[ one 
can obtain H ( Pi ) + S{p b ) > H( Pl ) + ^ iP iS(rf) > S(p b ), 
and from [H we have E^ 5 ^) S(p), thus N v (p) is 
lower bounded by N v (p) ^ —S(a\b) and upper bounded 
by N-(p) < mm{I(p),S(p a )}, with S(a\b) = S(p)-S(p b ) 
being the conditional von Neumann entropy for p, and 
— S(a\b) gives the lower bound of the one-way distillable 
entanglement. But both the lower and the upper bounds 
are non-trivial only when S(a\b) < because we always 
have N v (p) ^ and N v (p) < I(p). 

For the two-qubit X states px with nondegenerate p x , 
the only von Neumann measurement leaving p x invariant 
is IT 1 = {11?, IFJ} with Uf 2 = |(I± a x ), which gives rise 
to the post-measurement state as H a (px) = (8 
I)Px(ng (8)1) = diag{pii,p 2 2,P33)P44}- Still for p x with 
nondegenerate p x one can check directly that II(px) = 

<g> U^iUt ® ITj) = diag{ Pll ,P22,P33,P44}. 

Thus for the special circumstance considered here we al- 
ways have N v (px) = M(px)- But if p x is degenerate, 
then N v (px) ^ M(px) in general. 

Now we discuss conditions under which the MIN dis- 
appears. First, it is clear that the MIN is strictly positive 
for any state p with non- vanishing quantum correlations. 
This can be shown directly from the definitions of MIN 
and QD based on the Hilbert-Schmidt distance or the dis- 
crepancy between QMI of the pre- and post-measurement 
states, for which we always have N s (p) > D s (p) and 
N v {p) ^ D v (p). Thus one only need to consider the 
classical-quantum state pcQ = SfcP fe l^)W ® Pk 
If the reduced state p^Q = ^ k Pk\k){k\ is nondegen- 
erate (i.e., pk 7^ pi), then the MIN disappears because 
for this case the only von Neumann measurement leav- 
ing invariant is II a = {II£ = |fc)(fc|}, which yields 
IP(pcq) = Pcq and thus there is no MIN [17]. If p£q is 
degenerate (i.e., pk = pi), then we need to consider two 
different cases. The first one is that p\ = p\ for all k 
and I. For this case, we always have pcQ = Pcq ® ^CQ 
and there is still no MIN. Second, if p\ ^ p b , then 




FIG. 1: (Color online) MIN versus xi and \2 for the two-qubit 

PCQ = E fc Pfc| fc )( fc l ® p\ with pi = p 2 = 1/2, p\ = \ip k ){ip k \, 
and|^> = Xfc |l) + yr3^2| ). 



one can always find a complete projective measurement 
IF = {11%, = \k'){km so that n a (p C q) + Pcq, thus from 
Theorem 11.9 of [3 we obtain S[H a (p CQ )] > S(pcq), 
which gives rise to non- vanishing MIN. Since there is no 
quantum correlations in pcQ, the result obtained here 
reveals that there exists not only nonlocality without en- 
tanglement but also nonlocality without quantumness. 

As an example, we consider the two-qubit pcq with 
degenerate p^ Q (i.e., pi = p 2 = 1/2) and p\ = \ip k )((p k \. 
In Fig. 1 we plot N s (pcq) and N v (pcq) versus xi and 
X2 with \ip k ) = x fc |l) + y/l- Xfc|0). It is evident that 
the MIN vanishes only when xi = X2, that is p\ = p\, 
which corroborates our above statements. Also one can 
note that when xi = T Xi = or xi = 0, X2 = lj 
N s (pcq) assumes the value 0.25, half of the maximum 0.5 
obtained for the maximally entangled Bell states peeii- 
But N v (pqq) assumes its maximum 1 under the same 
conditions, equals completely to those obtained for peeii- 
This is because S(pqq) = 1, and for this two special cases 
one can always choose corresponding complete projective 
measurements IP = {n?,IT|} so that n a (p C Q) = V 4 
and S[H a (pcQ)] = 2. In fact, the classical correlation in 
PCQ is completely destroyed by the projective measure- 
ment n a because 7[n a (pcQ)] = 0. For peeih however, the 
classical correlation is undisturbed because the optimal 
measurement II a (may be different from that for pcq) 
for obtaining the MIN gives J[n a (pBeii]i = 1, equals to 
the classical correlation present in pBeii [a] ■ Moreover, we 
would like to point out that for pcQ with non-vanishing 
MIN, the classical correlation is partially destroyed by 
the optimal measurement IP. 

The above discussions also indicate that the different 
measures of MIN may impose different ordcrings of quan- 
tum states, and in particular, the maximum N v (p) = 1 
does not always indicates that the state p is maximally 
entangled, which is in sharp contrast to that of MIN 
measured by N B (p) or quantum correlations measured 
by QD, GMQD and MID @-[l|. 



III. MIN DYNAMICS IN STRUCTURED 
RESERVOIRS 

A. The model 

We consider a system consists of two identical atoms 
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with lower and upper levels denoted by |0) and |1), and is 
coupled to two typical structured reservoirs, i.e., the in- 
dependent and common zero-temperature bosonic reser- 
voir |2(|. For the former case, the two atoms interact 
with their own reservoir with H = Hi + H2, and the 
single "qubit+reservoir" Hamiltonian reads 



k 



(g%b%al + h.c), (10) 



where ujq denotes the transition frequency of the atoms, 
and <rj (n = a, b) are the Pauli rasing and lowering op- 
erators. The index k labels the reservoir field mode with 
frequency u)2, with b 7 ^ and being the bosonic creation 
and annihilation operators and g r k l the coupling strength. 
We will assume that the two reservoirs are completely 
the same and denote uij: 2 = ui k and g k ' 2 = g k . 

For the latter case, the two atoms are coupled to the 
same reservoir and the Hamiltonian reads 



H 



UJ 



a^l+J2^kblb k +J2(9kb^++h.c). (11) 



In the following, we consider the structured reservoir with 
the spectral density having the Lorentzian form [2(| 



J(u) 



1 



7oA 2 



2tt (w - u c ) 2 + X 2 ' 



(12) 



where A denotes the spectral width of the reservoir and is 
related to the reservoir correlation time tb by the relation 
tb ~ A -1 , and 70 is related to the decay time scale tr 
of the excited state of the atom in the Markovian limit 
of flat spectrum via tjj w 7 _1 . A > 270 corresponds 
to the Markovian regime, while A < 270 corresponds to 
the non-Markovian regime. Moreover, u c = ujq — 5 is 
the central frequency of the reservoir detuned from the 
transition frequency ujq by an amount 5. 

For the independent reservoir, we work in the interac- 
tion picture and thus the Hamiltonian of Eq. (10) can 

be rewritten as H nJ (t) = J2 k 9^+ ei(u "'^ k)t + h - c - We 
suppose the initial single "qubit+reservoir" state to be 
|V>(Q)) = co|00) + ci(0)|10) (|0) represents vacuum state 
of the reservoir), then by using the Schrodinger equa- 
tion id\ip(t))/dt = H nJ (t)\f(t)) with \i/)(t)) = c |00) + 
Ci(t)|10) + J2k Ck (t)\®^ k ) represents the reservoir 

with one excitation in mode fc), one can obtain 



: .^2g k c k (t)e 



i(ui Q —u) k )t 



(13) 



From the second expression of the above equation one 
can derive c k {t) = -ig* k j* d^ci^Oe- 1 ^ ^' 1 , substi- 
tuting of which into the first expression we obtain 



ci(t) = -i / dti/(*-ti)ci(*i). 



(14) 



where the function f{t-t x ) = J du}J(oj)e^ UJ °- UJ ^ t ' tl '> 



7oA -(\-jS)(t-U) 



in the limit of large number of modes 



k. Then by performing the Laplace transformation of Eq. 
(14) one can obtain c\(t) = p(t)ci(0) with 



P(t) 



= e -i(A- l 5)t 



dt X — iS dt 
cosh — H — sinn — 



(15) 



where d = y/ (X — id) 2 — 2'y X. If we further define |1) = 
c _1 WE fc c fc (i)|l fc ), then |V>(t)) = c |00) + d(t)|10) + 
c(t)|01), according to which the single-qubit reduced den- 
sity matrix can be determined as 



P 3 (t) 



pfi(o)b(t)| 2 P s w (o)p(t) 

P s 01 (0)P*(t) l-pfi(0)b(*)| 2 



(16) 



in the standard basis {|1), |0)}. For the two-qubit system 
considered in this work its reduced density matrix can be 
obtained by the procedure presented in Ref. [2l[ . 

If the two atoms are coupled to the common reservoir, 
then their dynamics can be described by the following 
pseudomode master equation [22T4251 ] 



dp 



dt 



= -i[V, p] + A(26p6 t - bhp - ptfb), (17) 



where p is the density matrix for the atoms and the pseu- 
domode, and the interaction Hamiltonian V of the atomic 
system and the pseudomode can be written as 



V = 



7o A 



(al + a\)b + h.c. 



(18) 



We assume throughout this work that the total system 
contains at most two excitations, then Eq. (17) turns out 
to be set of 64 differential e quat ions, which can be solved 
by using different methods |23l427| . Particularly, for the 
initial extended Werner-like (EWL) states, analytical 
solutions of Eq. (17) were obtained by using the Laplace 
transform which turns the differential equations to the 
polynomial equations [24| (note that there may be some 
misprints in [2J]. First, the 12S1 2 in Eq. (A. 21) should 
be 12f2 2 s, and ary/1 — a 2 should be multiplied by e~ %6 '. 

Second, the solution of p (t) in Eq. (A. 22) should be 

P-(t) = ^). 



B. MIN dynamics 

Now we begin our discussion about MIN dynamics in 
structured reservoirs. We suppose the two atoms are pre- 
pared initially in the EWL states 



|S)(S| 



1 -r. 



-I, 



(19) 



with |H) = I*) or f 
|$) = a|10) +e ie Vl 



and I*) 
~\01). 



a|00) 



Hi) 



e v 1 — or 

For the case of independent reservoir, p* and yield 
qualitatively similar MIN dynamics, which are indepen- 
dent of the phase factor e l6 . In Fig. 2 we plotted N v (p) 



5 



Z0.5 






0.25 




0.20 


■_ 


0.15 


> 


0.10 




0.05 









u.ou 




0.50 




0.40 


Q. 




> 


0.30 


z 






0.20 




0.10 









Y„f 40 a' 



Y f 40 of 



10 15 20 25 30 35 40 45 50 
V 



FIG. 2: (Color online) N v (p) versus a 2 and jot for different 
initial states in independent reservoirs, (a) with A = IO70, 
(b) |$) with A = IO70, (c) I*) with A = O.I70, and (d) |$) 
with A = O.I70. N s (p) shows qualitatively similar behaviors 
and hence we have not presented them here. 
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FIG. 3: (Color online) N v {p) versus a 2 and jot for different 
initial states in common reservoir, (a) |\E r ) with A = IO70, (b) 
[$) with A = IO70, 9 = 0, (c) I*) with A = O.I70, and (d) 
|$) with A = O.I70, = 0. N s (p) shows qualitatively similar 
behaviors and hence we have not presented them here. 



versus a 2 and jot with the two atoms prepared in differ- 
ent initial states and coupled resonantly (i.e., 5 = 0) to 
the reservoirs. It is clear that they attain certain max- 
ima at a 2 = 0.5 and vanish at o? = or 1. For fixed a 2 , 
MIN decreases exponentially with increasing jot for the 
Markovian reservoir [see Figs. 2(a) and 2(b)], while there 
are revivals of MIN for the non-Markovian reservoir [see 
Figs. 2(c) and 2(d)]. Since there are neither direct nor 
reservoir-mediated interactions between the two atoms, 
the revivals of MIN after a certain minimum may be in- 
duced by the non-Markovian effects. 

If the two atoms interact with the common reservoir, 
however, p* and p* wn l exhibit completely different MIN 
dynamics. Particularly, for the initial sub-radiant state 
\^~) = ( 1 10) — |01))/v2, the density matrix maintains 
its initial value (i.e., p{t) = |*~)(* _ |) [23[ and thus the 



FIG. 4: (Color online) (a) N v (p) versus jot for the initial 
state po in independent reservoir. The curves from bottom 
to top correspond to S/jo = 0,0.5,1,2,5. (b) N v (p) versus 
jot for the initial states p* (blue), p* with 9 = it (red, top) or 
9 — (red, bottom) in common reservoir. The cyan shaded 
region represents the MIN that are achievable by performing 
local unitary operations on the qubits. The other parameters 
for the plots are a 2 = 1/2, r = 1/2 and A = O.I70. 



MIN does not decay. To see more about MIN dynam- 
ics for this case, we show in Fig. 3 the N v (p) versus a 2 
and jot with different initial states. One can note that 
the MIN displays complicated behaviors. First, it is not 
a symmetric quantity with respect to a 2 — 0.5 for the 
initial state | , F), and N v (p) can even does not behave as 
a monotonic function of jot for the Markovian reservoir. 
As one can see from Figs. 3(a) and 3(b), there are cre- 
ations of MIN for the initial state | , F) with a 2 = and for 
|$) with a 2 = or 1. The underlying reason for this is 
the reservoir-mediated interaction because here the two 
atoms interact with a common reservoir. Second, there 
are still revivals of MIN for the non-Markovian case, but 
the combined effects of the non-Markovian effects and 
the reservoir-mediated interaction makes it more evident 
than those for the independent reservoirs. 

When the two atoms interact with independent reser- 
voirs, their entanglement may be trapped by detuning 
the central frequency of the reservoir from u>o [HI- In 
Fig. 4(a) we display N v (p) versus jot for the initial state 
Po with various values of detuning S. The result shows 
that N v (p) may be enhanced by introducing detuning S 
and when 8 = bjo it begins to oscillating weakly around 
its initial value, from which it is reasonable to conjecture 
that up to the large detuning limit case N v (/?) will main- 
tains its initial value during the time evolution process 
and thus MIN trapping occurs. Experimentally, for two 
Rb Rydberg atoms with lifetime T a t ~ 30 ms and inside 
the Fabry-Perot superconducting resonant cavities with 
quality factor Q s» 4.2 x 10 10 , we have the atomic de- 
cay rate 70 ~ 33.3 Hz, and the spectral width of the 
reservoir A ~ 7 Hz [29|]. These values correspond to 
a good non-Markovian regime. Moreover, the detuning 
needed to freeze the MIN can be implemented by Stark- 
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FIG. 5: (Color online) Numerical results of AC = C(t)-C(0) 
versus 8/ty for the initial state with a 2 = 1/2, r = 1/2 , 
A = O.I70 and t = 5OOO/70. 



FIG. 6: (Color online) Comparison of the geometric and en- 
tropic MIN in common reservoir with a 2 = 1/2, r = 1/2 and 
A = O.I70. The plot in (a) shows the case of the initial state 
Po , while (b) shows that of p* with 9 — 0. 



shifting the transition frequencies with a static electric 
field. The typical Stark shifts are S ~ 200 kHZ [H and 
thus a dimensionless shift with respect to 70 of the order 
fi/"fo ~ 6 x 10 3 can be realized. 

Since the reservoir always acts in some basis and there- 
fore changing the basis may change the strength of reser- 
voir and thus affect the durability of correlations. Par- 
ticularly, when the two identical atoms equally coupled 
to the common reservoir, there exists a sub-radiant state 
l^* - ) which is decoupled from the field modes and thus 
does not decay with time [23|. This motivates us to en- 
hance robustness of MIN by performing appropriate local 
unitary operations on the initial state, though the MIN 
itself is invariant under local unitary operations. As an 
explicit example, we show in Fig. 4(b) the numerical re- 
sults obtained from the initial local unitary equivalent 
states (U ® V)p^(U jf ® V r ) with a 2 = 1/2, r = 1/2 and 
A = O.I70. It is clear that the strength of MIN at finite 
time t > can be tuned among regions bounded approx- 
imately by those obtained for the initial states p* with 
9 = and 9 = ir, respectively. Particularly, one can note 
that for the initial state p* with 9 = ir (the top red line), 
the amount of MIN can even be enhanced by subjecting 
the two atoms to a common reservoir. 

In fact, for the initial state p* there exists a threshold 
phase angle 9th (depends on the system parameters) be- 
yond which the MIN as well as the quantum correlations 
measured by entanglement of formation (denoted by E) 
[3l| . QD and GMQD can be enhanced to a larger value 
and further be frozen in the long time limit. In Fig. 5 
we display numerical results of AC = C(i) — C(0) ver- 
sus 0/tt for pf with a 2 = 1/2, r = 1/2, A = O.I70 and 
t = 5OOO/70. Clearly, the threshold 9 th are different for 
different correlation measures, but AC always increases 
with increasing value of 9 and attains the maxima at 
9 = tt. This provides an efficient method for enhancing 
and storing MIN for future usage in external environ- 
ments. One can also note that the curves for N s (p) and 
D s (p) are overlapped when 9 < 9 t h, this is because dur- 



ing this parameter region p a is nondegenerate and is 
the largest eigenvalue of K (see Section II) . 

Finally, we compare dynamical behaviors of MIN quan- 
tified by different measures. Two exemplified plots with 
MIN quantified by N s (p) and N v (p) are presented in 
Fig. 6, from which one can note that while for the ini- 
tial state pg the two different measures give qualitatively 
similar characterizations of the MIN, for p* there exists 
states p(ii) and p(t 2 ) which fulfill iV 3 ^)] < N s [p(t 2 )] 
and N v \p(ti)] > N v [p(t 2 )}. Thus we see that the dif- 
ferent measures of MIN are not only quantitatively but 
also qualitatively different in the sense that they may 
impose inequivalent orderings of quantum states. There- 
fore, the lack of the same states ordering under different 
entanglement measures [32| and other quantum correla- 
tion measures [33[ , goes beyond entanglement and quan- 
tum correlations. 



IV. SUMMARY 

In this paper, we introduced the entropic measure of 
MIN based on the maximal difference between QMI of the 
pre- and post-measurement states. While the geomet- 
ric measure of MIN [17] quantifies the maximal Hilbert- 
Schmidt distance between p and II a (p), the entropic mea- 
sure of MIN introduced here quantifies the maximal loss 
of total correlations or equivalently, the maximal incre- 
ment of von Neumann entropy of p by II a . It seems 
naturally a definition from information-theoretical point 
of view. Based on this measure, we discussed conditions 
for nonvanishing MIN and consolidated the finding that 
there exists nonlocality without quantumness For 
the two-qubit case, we further compared MIN with dif- 
ferent quantum correlation measures [Ml , showing that 
some of them may assume equal values under certain spe- 
cial conditions, and a quantum state with the maximum 
N v (p) = 1 does not always indicate that the state possess 
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the maximum quantum correlation. 

Since real physical system is inevitably coupled to its 
surroundings, in comparing with fragile entanglement, it 
is significant to study stability of MIN against decoher- 
ence. Here as a concrete example, we evaluated MIN dy- 
namics for a family of two-qubit states in the Lorentzian 
structured reservoirs, and displayed their rich dynamical 
behaviors both for the Markovian and non-Markovian 
situations. We showed that the MIN can be frozen by 
increasing the detuning parameter, and for some initial 
states the strength of MIN as well as the quantum cor- 
relations can even be enhanced in the short time region 
and further be frozen in the long time limit by interact- 
ing the system with a common reservoir, the underlying 
reason for which may be the existent component of the 
decoherence-free state |\&~). 

Finally, we studied the issue related to the relativity 
of different MIN measures, just as that of different 
entanglement [32] and quantum correlation measures 
[33l l . By evaluating the dynamics of N s (p) and N v (p) 
in an non-Markovian common reservoir, we showed that 



the two MIN measures do not necessarily imply the 
same ordering of quantum states. This is reminiscent 
of the cases for entanglement and quantum correla- 
tion measures and may indicate that the difference 
in nonlocality is rather measure dependent than state 
dep endent. Experimentally, besides atomic systems [28l — 
|30(, two-qubit quantum state with different reservoirs, 
such as Markovian and non-Markovian, can be realized 



34J , and different correlations such as quantum discord 



have been shown recently (35[. It will also be interesting 
to explore the entropic MIN of this paper in experiments. 
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